In this paper, we investigate Levi subgroup actions on Schubert varieties. The colors of these actions are found, the toroidal and wonderful Grassmann Schubert varieties are determined. The singular locus of a (co)minuscule Schubert variety is shown to contain all Levi stable Schubert subvarieties. In type A, the spherical Schubert GL p × GL qvarieties are analyzed, the colors of the full flag variety are found. Also in type A, the effect of the Billey-Postnikov decomposition on wonderful Schubert varieties is found.
Introduction
• Which Schubert varieties are toric varieties?
• More generally, which Schubert varieties are spherical varieties?
On the one hand, it is known for some time that, except for a few trivial cases, such as the projective space, in general, Schubert varieties are not toric varieties. Nevertheless, one knows that every Schubert variety has a degeneration to a toric variety, see [9] . On the other hand, less is known for the second question. Let us briefly describe our current state of knowledge. Let G be a connected reductive complex algebraic group and let P be a parabolic subgroup of G. We fix a Borel subgroup B of G that is contained in P .
Clearly, a Schubert variety X in G/P is not G-stable unless the equality X = G/P holds true. Therefore, we look for the reductive subgroups of G which act on X. Some natural candidates are given by the Levi subgroups of the stabilizer subgroup Q := Stab G (X). At one extreme, in the Grassmann variety of k dimensional subspaces of C n , denoted by Gr(k, n), we know the complete classification of the Schubert varieties which are spherical with respect to the action of a Levi subgroup of GL n = GL n (C), see [14] . At the other extreme, if we assume that X is a smooth Schubert variety in a partial flag variety G/P , where G does not have any G 2 -factors, then we have by [10] that X is a spherical L-variety, L being the Levi factor of the stabilizer subgroup in G of X.
By definition, a spherical G-variety X is called toroidal if in X every B-stable irreducible divisor which contains a G-orbit is G-stable. It turns out that such a variety X is 'locally toric' in the sense that it contains a toric subvariety Z, for some torus T Z , such that the Gorbit structure of X is completely determined by the T Z -orbit structure of Z. (This remark will be made more precise in the sequel.) Regarding this definition, our purpose in the present paper is two-fold;
1. we initiate a program for determining the Schubert varieties which are toroidal; 2. we study the structure of a wonderful Schubert variety, that is, a smooth and toroidal Schubert variety.
We should mention that here we focus on only the actions of Levi subgroups on Schubert varieties, so, one can ask for the analogous results for the other reductive subgroups of G. See [1, 5] . We leave this investigation to a future paper. Now we are ready to state our main results and at the same time give a brief overview of our paper.
In our preliminaries section, we set up our notation and provide the basic definitions/results regarding the toroidal and regular G-varieties. In Section 3, we record our first main observation, Corollary 3.4, which states that an L-stable Schubert variety in a flag variety is either a homogenous variety for the Levi subgroup L or it properly contains another L-stable Schubert subvariety. Here (and after) L denotes a Levi subgroup that contains a fixed maximal torus in G.
In Section 4 we focus on toroidal and wonderful Schubert L-varieties in a Grassmannian. By using our previous observation we see that a smooth Grassmann Schubert variety is a homogenous Schubert variety with respect to the maximal Levi subgroup that acts on it, hence it is a wonderful Schubert variety of the simplest kind. Later in the same section (Proposition 4.8), we show that if the acting Levi subgroup is not a maximal one, then the smooth Schubert variety may have another orbit of the Levi subgroup; in this case, we show that the Schubert variety must be a projective space. In this section we analyze more; we describe all toroidal Schubert varieties in a Grassmannian GL n /Q d where Q d is a maximal parabolic subgroup. Let L be a standard Levi subgroup of GL n and let X wQ d be a Grassmann Schubert variety in GL n /Q d . In Theorem 4.6, we determine all L-stable Schubert divisors of X wQ d in terms of w and the root data associated with Q d . This result helps us with specifying all pairs (w, L) where X wQ d is a toroidal Schubert L-variety. In particular, we are able to list all L, where X wQ d is a wonderful Schubert L-variety, see Theorem 4.7.
In Section 5, we focus on the singularities of an L-stable Schubert variety in a partial flag variety G/Q, where Q is a (co)minuscule parabolic subgroup in a simple algebraic group. We show that the singular locus of an L-stable Schubert variety X wQ contains all L-stable Schubert subvarieties of X wQ (Proposition 5.1), hence X wQ has no L-stable Schubert divisors.
In Section 6, we study the spherical GL p ×GL q -varieties in the full flag variety X n of GL n , where p + q = n. We show that the set of all such Schubert varieties are linearly ordered with respect to inclusion (Theorem 6.14). The main result of the section, Theorem 6.17, states that if p > q, then there is no GL p × GL q -stable divisor in X n and if p = q, then there exists a unique GL p × GL q -stable divisor in X n .
The final section of our paper is about the Billey-Postnikov decomposition of a permutation w such that X wP is a wonderful Schubert L-variety in some partial flag variety GL n /P. (The Billey-Postnikov decomposition, that we abbreviate to BP-decomposition, is a certain parabolic decomposition of w. We will explain this notion in more detail in the sequel.) Under this assumption, in Theorem 7.3, we prove that if w = vu is the BP decomposition of w with the corresponding projection π : X wP → X vQ , where Q is a maximal parabolic subgroup of GL n , then both of the Schubert varieties X vQ and X uP are wonderful Schubert L-varieties.
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Preliminaries
We begin with fixing our basic notation.
G
: a connected reductive group defined over C; T : a maximal torus in G; W : the Weyl group of (G, T ); B : a Borel subgroup of G s.t. T ⊂ B; U : the unipotent radical of B (so, B = T ⋉ U); S : the Coxeter generators of W determined by B; C w : the B-orbit through wB/B (w ∈ W ) in G/B; ℓ : the length function defined by w → dim C w (w ∈ W ); X w : the Zariski closure of C w (w ∈ W ) in G/B; P, Q ; parabolic subgroups in G; p P,Q : the canonical projection p P,Q : G/P → G/Q if P ⊂ Q ⊂ G; W Q : the unique subgroup of W corresponding to Q where B ⊂ Q ⊂ G; W Q : the minimal length left coset representatives of W Q in W ; X wQ : the image of X w in G/Q under p B,Q .
A variety of the form X wQ , where Q is any parabolic subgroup in G and w ∈ W Q is called a Schubert variety. Its ambient homogenous space G/Q is called a (partial) flag variety. The Bruhat-Chevalley order on W Q is defined so that for v and w from W Q we have
Let w 0 denote the element with maximal length in W and let w 0,Q denote the element with maximal length in W Q . The opposite Schubert variety to X vQ (v ∈ W Q ) is defined by
Let (v, w) be a pair of elements from W Q such that v ≤ w. The associated Richardson variety is defined by X vQ wQ := X wQ ∩ X vQ .
If G is the general linear group GL n and Q is a maximal parabolic subgroup in G, then G/Q is isomorphic to a Grassmann variety of the form Gr(k, n) for some k ∈ {1, . . . , n − 1}.
A parabolic subgroup Q from G is said to be standard with respect to B, or, standard if B ⊆ Q. Let us assume that T ⊆ Q. A Levi subgroup L of Q is called standard with respect to T , or, standard if it contains T .
Let G be the n dimensional complex torus, G := (C * ) n . A complex normal algebraic G-variety X is called a toric variety if X admits an algebraic action G × X → X with an open G-orbit. Let us mention in passing that, being an abelian group, G is a Borel subgroup of itself, that is to say, a maximal connected solvable subgroup. More generally, let G be a complex connected reductive group and X be a normal complex algebraic variety with an algebraic action G × X → X such that a Borel subgroup B of G has an open orbit in X. In this case, X is called a spherical G-variety. Clearly, a toric variety is a spherical variety. A closed subgroup H of G is said to be a spherical subgroup if G/H is a spherical G-variety. Note that any parabolic subgroup Q is a spherical subgroup. This is a consequence of the Bruhat-Chevalley decomposition of G.
Let H be a spherical subgroup of G and let X be a G-equivariant embedding of G/H, hence X is a spherical G-variety. The set of B-invariant prime divisors in G/H will be denoted by D. Let Y be a G-orbit in X and define
These sets of divisors carry importance in the classification of spherical varieties.
Definition 2.1. A color of X is a B-stable prime divisor that is not G-stable. A spherical G-variety X is called toroidal if X has no colors containing a G orbit. In particular, X is toroidal if D(X) is empty. In this case, we say that the action of G is toroidal.
We will provide an alternative characterization of the toroidal varieties in the next proposition. First we have some notation. Let X be a spherical G-variety and let P = P X denote the stabilizer in G of the set ∆ X which is defined by
Then P is a parabolic subgroup. 
Furthermore, every G-orbit meets Z along a unique L-orbit.
Proof. See the proof in [4, Proposition 1].
Let X be a G-variety such that G has an open orbit, denoted by Ω. In this case, X is called a regular G-variety if it satisfies the following three conditions:
(i) The closure of every G-orbit is smooth.
(ii) For any orbit closure Y = X, Y is the intersection of the orbit closures of codimension one containing Y .
(iii) The isotropy group of any point x ∈ X has a dense orbit in the normal space to the orbit G · p in X.
It follows from (i) that a regular G-variety is smooth. Let x be a point from Ω and let H denote the isotropy group of x in G. Then Ω ∼ = G/H. The boundary divisor of X is the set X \ Ω. It is a union of finitely many G-stable prime divisors, X 1 , . . . , X ℓ . In other words,
Regular G-varieties are independently introduced by Bifet, De Concini, and Procesi in [3] and by Ginsburg in [13] . Wonderful compactifications of symmetric varieties as well as all smooth toric varieties are examples of regular G-varieties. In the light of Lemma 2.3, the following definition is meaningful. Definition 2.4. Let L be a Levi subgroup of G and let X wQ (w ∈ W Q ) be an L-stable Schubert variety in G/Q. In this case, X wQ is called a wonderful Schubert L-variety if X wQ is nonsingular and the action of L on X wQ is toroidal.
Levi stable Schubert varieties
In this section we have general results about spherical Schubert L-varieties. We begin with fixing a pair (T, B) of maximal torus T and a Borel subgroup B containing T in G.
Let Q be a standard parabolic subgroup of G, X wQ (w ∈ W Q ) be a Schubert variety in G/Q. Let P ⊂ G denote the stabilizer of X wQ in G. Then P is a standard parabolic subgroup as well. In this case, any Levi subgroup of P is a maximal Levi that acts on X wQ . Let us also assume for convenience that T ⊂ L. Set
Then B L is a Borel subgroup of L.
By Definition 2.1, assuming that X wQ is a spherical L-variety, to see whether X wQ is toroidal or not, one needs to analyze its B L -stable prime divisors.
Remark 3.1. The divisor class group of a Schubert variety X wQ is generated by the classes of the Schubert divisors in X wQ . In a similar way, the Picard group of X wQ is generated by the line bundles corresponding to the Schubert divisors of X wQ . See [6, Proposition 2.2.8] and the notes at the end of Section 2 of the cited reference.
Since B L ⊂ B, any Schubert divisor is automatically B L -stable. Therefore, in the light of Remark 3.1, we will focus on the prime Schubert divisors which are not L-stable, but which contain an L-orbit. Towards this end, we will prove a general fact about the actions of Levi subgroups on Schubert varieties. Recall our notation from before; unless otherwise stated, Q stands for a standard parabolic subgroup in G. First, we have a definition. Definition 3.2. Let X wQ (w ∈ W Q ) be a Schubert variety in G/Q. Assume that X wQ is stable under a standard Levi subgroup L of a standard parabolic subgroup P of G. An element θ ∈ W Q with θ ≤ w is called a degree 1 head for w if the Schubert subvariety X θQ is L-stable. In particular w is a degree 1 head for itself. Proof. One direction is immediate, if X τ contains an L-stable Schubert subvariety then clearly it must contain an L-orbit. For the other direction, let us suppose that X τ contains an L-orbit. Let x be a point in this orbit. Then we claim that the P -orbit through the point x is contained in X τ . Any element in the orbit may be written as ℓux for ℓ ∈ L and u ∈ U P . As P is a semidirect product of L and U P we know that there exists an ℓ ′ ∈ L and u ′ ∈ U P such that ℓux = u ′ ℓ ′ x. Since l ′ x ∈ X τ and U P ⊂ B it follows that ℓux = u ′ ℓ ′ x ∈ X τ . Hence both P · x and P · x are contained in X τ . But P · x is a B-stable subvariety of X τ which implies, via the Bruhat decomposition and the fact that P is connected, that P · x = X γ for some γ ∈ W Q . The left hand side of this equality is P -stable and contained in X τ , and hence so is X γ . This concludes our proof, since this gives that X γ is an L-stable Schubert subvariety of X τ (note it is possible that γ = τ ); equivalently γ is a degree 1 head less than or equal τ .
Corollary 3.4. We preserve the notation from Proposition 3.3. An L-stable Schubert variety
Proof. We begin by proving that X wQ is L-homogeneous if and ony if it is P -homogeneous. One direction is obvious, for the other we assume that X wQ is P -homogeneous. In this case, there is a single P -orbit and this orbit must contain the point idQ. Let K be the stabilizer subgroup of P at this point, then X wQ ∼ = P/K. Clearly K must contain B, as idQ is a B-fixed point. But this implies that the inclusion map L ֒→ P descends to a surjection
Now suppose that we have an L-stable Schubert variety X wQ . If it is L-homogeneous we are done. If it is not L-homogeneous, then by the above argument we know it is not P -homogeneous. Thus there are at least two P -orbits, and there must exist a P -orbit that is not dense. The closure of this non-dense P -orbit is B-stable and thus is a Schubert variety X τ Q . The fact that the P -orbit was not dense implies that X τ Q = X wQ . Further, this Schubert variety is P -stable and hence L-stable.
Remark 3.5. Our previous result implies that the minimal L-stable Schubert varieties are L-homogeneous. In fact, we may say more; for a fixed L there will be a unique minimal L-stable, L-homogeneous Schubert variety. It is precisely the L-orbit through idQ and is isomorphic to L/L ∩ Q ∼ = P/P ∩ Q.
Toroidal and Wonderful Schubert varieties in a Grassmann variety
In this section, we specialize to type A flag varieties. Let T n and B n denote, respectively, the maximal diagonal torus and the Borel subgroup consisting of n×n upper triangular matrices in GL n . Let (Φ, ∆) denote the root system and the set of simple roots determined by the data of (GL n , B n , T n ). The Weyl group of GL n is the group of permutations of {1, . . . , n}, and we denote it by S n . Suppose that
In this case, we denote the Weyl group of
The set of minimal length left coset representatives of S n,d in S n , which we denote by S d n , consists of permutations w = (w 1 . . . w n ) such that
Under the assumptions of the previous paragraph, we have the precise combinatorial description of degree 1 heads from [14] . Since it is useful for our purposes, we briefly review this development.
Let I = {α i 1 , . . . , α is } be a subset of ∆ with ∆ \ I = {α j 1 , . . . , α jr } its complement in ∆. For the simplicity of notation, we identify I with the set of indices {i 1 , . . . , i s } and ∆ \ I with {j 1 , . . . , j r } and we apply this convention to all subsets of ∆. Let L denote the standard Levi factor of the (standard) parabolic subgroup P that is determined by I. Also determined by I and ∆ \ I is a set partition of {1, . . . , n}, whose subsets are denoted by Block L,1 , . . . , Block L,r+1 , where the maximal element of each Block L,k is j k (or n for Block L,r+1 ). For example, for I = {1, 3, 4, 7}, ∆ \ I = {2, 5, 6}, and n = 8 we have Let w, θ ∈ S d n be two permutations such that the Schubert variety X wQ d is L-stable and θ is a degree 1 head. In [14] , the requirement that θ is a degree 1 head is shown to be equivalent to the following combinatorial criterion.
is a degree 1 head if and only if
Note that if the Schubert variety X wQ d is smooth, then w = (w 1 . . . w n ) has the form
where p ≥ 0 and m > p + 1; if p is 0, then the initial entry of the permutation starts with m. In this notation, the maximal standard Levi subgroup that acts on X wQ d is given by Proof. It is not difficult to argue in this case that the only degree 1 head is w itself. To see this, first, observe that any element τ ≤ w is of the form
This means that the number of elements in τ (d) ∩ Block Lmax,1 is always p, the number of elements in τ (d) ∩ Block Lmax,2 is always d − p, and the number of elements in Block Lmax,3 is always 0. As a degree 1 head must be a maximal collection of elements in each of these sets, the head is uniquely determined by the number of entries in each block, and thus w is in fact the unique degree 1 head. Now, the uniqueness property implies that for any Schubert divisor X τ there does not exist a degree 1 head less than or equal to τ . Using Proposition 3.3 we conclude that there are no L max -orbits contained in X τ Q d . Remark 4.4. As we will show below, the maximality assumption that the Levi subgroup L max is the Levi factor of the stabilizing parabolic subgroup of X wQ d is critical if X wQ d is to be toroidal. An important counter-example when maximality is not assumed is given by L = GL p × GL q and X w 0 := GL n /B n . We will explain this example in more detail in the sequel.
Now we assume that w is an arbitrary Grassmann permutation from S d n . In other words, w has a single descent at the d-th position. Then, in one-line notation, w has the form
where a ℓ + b ℓ + 1 < a ℓ+1 for 1 ≤ ℓ < j. If we write w more briefly as in w = (w 1 . . . w n ), then the dimension of the Schubert variety X wQ d is given by
Let w ℓ denote w ℓ := s αa ℓ w, so that, in the one-line notation of (4.5), w ℓ is obtained from w by replacing a single a ℓ by a ℓ − 1 for some 1 ≤ ℓ ≤ j such that a ℓ > 1.
Recall our convention that we identify the subsets of the set of simple roots ∆ by the sets of indices of the roots that they contain. Proof. The fact that any Schubert divisor is of the form X w ℓ Q d is a standard result; it follows, for example, from the standard combinatorial description of the Bruhat order on Grassmann permutations in addition to the dimension formula for Schubert varieties in the Grassmannian. By Proposition 4.1, we know that a Schubert variety X w ℓ Q d will be a degree 1 head if and only if w
In the following theorem, when we say that a subgroup K in a group G acts identically on a variety X we mean that the K-orbits and G-orbits in X are in bijection and for any point y in a fixed G-orbit we have that the K-orbit K · y is equal to G-orbit G · y. 
L does not act identically to
Proof. We begin by showing that if either of the two conditions listed above hold then X wQ d is toroidal. We have that L max is of the form GL p × GL m+d−2p+1 × GL n−(m+d−p+1) . The first and the last factors of L max act trivially, so any L of the form given in (1) has an identical action to
Hence Theorem 4.6 implies that the unique Schubert divisor X w m+d−p+1 Q d will be L-stable. Thus in this case the unique Schubert divisor is not a color and X wQ d is toroidal.
For the other direction, we will assume that (1) and (2) do not hold and show that X wQ d is not toroidal. If (1) and (2) do not hold, then the unique Schubert divisor is not L-stable by Theorem 4.6. As L is a subset of L max that does not act identically to L max we will have that ∆ \ I contains some ℓ ∈ {p + 1, . . . , m + d − p}. Recall that a θ < w will be a degree 1 head if and only if it satisfies the maximality condition from Proposition 4.1. As m > p + 1 we know that w does not contain the value p + 1. It is easily seen that this combines with the fact that ∆ \ I contains some ℓ ∈ {p + 1, . . . , m + d − p} to imply that the exists at least one θ < w satisfying the maximality contition from Proposition 4.1. Clearly θ ≤ w m+d−p+1 where X w m+d−p+1 Q d is the unique Schubert divisor. Thus X w m+d−p+1 Q d is a color containing an L-stable Schubert variety, implying that X wQ d is not toroidal.
Next, we show that the conclusion of Corollary 4.3 holds true to a certain extent for all wonderful Schubert L-varieties in a Grassmannian. Proof. We proceed with the assumption that 1. does not hold true. This means that we have at least two L-orbits in X wQ . Since it is smooth, we know that X wQ d is a Grassmannian, hence its divisor class group is a free abelian group of rank 1, generated by the class of a prime Schubert divisor X τ Q d in X wQ d . This means that any divisor in X wQ d is linearly equivalent to a unique integer multiple of X τ Q d . In other words, X τ Q d is the unique B L -stable prime divisor. Since X wQ d is a spherical L-variety, by Remark 3.5 we know that it contains a unique minimal L-stable Schubert subvariety, which we denote by X θQ d . Since τ is the unique predecessor of w in the Bruhat-Chevalley order on S d n , we see that
Recall that, for a general reductive complex algebraic group G, a complete smooth toroidal G-variety is a regular variety. Recall also that a regular G-variety has a unique closed G-orbit and it is precisely the transversal intersection of all smooth G-stable divisors. In particular, a closed orbit in a regular G-variety is necessarily a partial flag variety of G. Therefore, in our case, since X τ Q d is the unique L-stable prime divisor in X wQ d , it is the closed orbit of our regular L-variety X wQ d . In particular, we see that there are exactly two orbits in X wQ d , and the closed orbit X τ Q d is a Grassmannian variety of the form L/P for some maximal parabolic subgroup P of L. At the same time, X τ Q d is nonsingular. But if the unique divisor of a Grassmann variety is nonsingular, then that Grassmann variety is a projective space, X wQ d ∼ = P m for some m ≥ 0. Note that m = 0 cannot hold true because we have exactly two orbits. This finishes the proof.
Remark 4.9. Let X wQ d be a nonsingular Schubert L-variety in GL n /Q d where L is a standard Levi subgroup of GL n . Let L max denote the standard Levi factor of the parabolic subgroup
Thus L ⊆ L max . By Corollary 4.3, we know that X wQ d is a wonderful Schubert L max -variety of the form
where Y is a maximal parabolic subgroup in L max . If X wQ d is a spherical L-variety, then we are in the same situation as a Levi subgroup of GL m acting spherically on a Grassmannian of the form Gr(k, m) for some integers k and m such that 1 ≤ k ≤ m − 1. It is easy to list all standard Levi subgroups L of GL m such that Gr(k, m) is a spherical L-variety. As a consequence, this way, one obtains the precise list of the wonderful Schubert L-varieties in GL n /Q d .
The singular locus of an L-stable Schubert variety
In this section, we will focus on the singular locus of an L-stable Schubert variety in G/Q, where G is a simple algebraic group. We do not make any sphericity assumptions on the actions of the subgroups of G.
First, we assume that G is arbitrary (but as in Section 2). Let Q be a standard parabolic subgroup in G. Let X wQ (w ∈ W Q ) be a singular Schubert variety and let L max denote the standard Levi subgroup of P := Stab G (X wQ ). We denote by Sing(X wQ ) the singular locus of X wQ , which is a union of Schubert varieties. Then by normality (Serre's criterion) we have dim Sing(X wQ ) + 2 ≤ dim X wQ .
Let x be a point from Sing(X wQ ). Since L max · x consists of singular points, we see that Sing(X wQ ) is a scheme theoretic union of certain L-stable Schubert subvarieties X τ 1 Q , . . . , X τ k Q , where τ i ∈ W Q for i = 1, . . . , k. Next, we restrict our attention to the case where G is a simple algebraic group. The irreducible representations of G are parametrized by the semigroup of dominant weights with respect to T , and furthermore, the weight lattice of (G, T ) is freely generated by the (fundamental) dominant weights corresponding to the fundamental representations of G. A dominant weight λ is called minuscule if λ,α ≤ 1 for all positive corootsα. A fundamental weight λ is called cominuscule if the associated simple root occurs in the highest root with coefficient one. In our next result, we talk about minuscule and cominuscule parabolic subgroups Q in G. By this, in the former case, we mean a maximal parabolic subgroup Q associated with a minuscule fundamental weight, and in the latter case we mean a maximal parabolic subgroup Q associated with a cominuscule fundamental weight. Proof. By Proposition 3.3, we know that X τ Q is P -stable. Let e w denote the unique T -fixed point in the dense B-orbit of X wQ . Clearly, e w / ∈ X τ Q . Otherwise, X τ Q would be equal to X wQ . On the other hand, by a famous result of Brion and Polo [7] we know that the singular locus of a Schubert variety in a (co)minuscule partial flag variety is precisely the boundary of the Schubet variety. Here, the boundary of X wQ is the complement Bd(X wQ ) := X wQ \ P · e w .
Since e w / ∈ X τ Q and X τ Q is P -stable, we see that P · e w ∩ X τ Q = ∅. Therefore, X τ Q ⊆ Bd(X wQ ). This finishes the proof.
Remark 5.2. Let X wQ be an L-stable Schubert variety in G/Q, where Q is a parabolic subgroup of G. As we mentioned in the second paragraph of this section, the irreducible components of Sing(X wQ ) are L-stable Schubert subvarieties of X wQ . Note that this fact holds true for any connected subgroup L of P := Stab G (X wQ ). Proposition 5.1 implies that, if Q is a standard (co)minuscule parabolic subgroup and X wQ is an L max -variety where L max is the standard Levi subgroup of P , then the irreducible components of Sing(X wQ ) are maximal L max -stable Schubert subvarieties of X wQ . Unfortunately, this maximality property does not hold true in general. For example, consider GL 4 /B 4 and the Schubert subvariety X (3412) . This Schubert variety is singular and its singular locus is precisely X (1324) . The standard Levi subgroup of the stabilizer of X (3412) in GL 4 is L max := L {α 2 } and while X (1324) is L max -stable, the maximal L max -stable Schubert subvarieties of X (3412) are the divisors X (1432) , X (3142) , and X (3214) . It would be of great interest to have an algebraic group-theoretic criterion for those L-stable Schubert subvarieties that comprise the singular locus in a general G/Q. Proof. It is well known that Schubert varieties are normal (see, for example, [18] ). Therefore, Sing(X wQ ) has codimension at least 2 in X wQ . By Proposition 5.1, any L max -stable Schubert variety X τ Q in X wQ is contained in Sing(X wQ ). This shows that there are no L max -stable Schubert divisors in X wQ .
6 Spherical Schubert L max -varieties of GL n /B n The purpose of this section is to work out in detail some of our results from the previous sections in the case of the full flag variety of type A. In particular, we will analyze the relative positions of the spherical Schubert L-varieties in the full flag variety.
Let p and q be two positive integers such that p ≥ q and let n denote n := p + q. For easing our notation, we will use the following abbreviations:
Note that L p is the only proper standard Levi subgroup of GL n that acts spherically on X n (of course, p is in the range 1 ≤ p ≤ n − 1). See [8] . There are several equivalent combinatorial parametrizations of the orbits of L p in X n . See [15, 12, 11] . We will review two of these combinatorial parametrizations; each one of them have a certain advantage over the other.
We proceed with the 'signed (p, q)-involutions'. By definition, a signed (p, q)-involution is an involution γ in the symmetric group S n such that 1. the fixed points of γ (thought of as a permutation of {1, . . . , n}) are labeled by +'s and -'s;
2. the number of + signs is p − q more than the number of −'s.
For example,
is a signed (6, 3)-involution. We write a signed (p, q)-involution in its standard form as follows: the 2-cycles in γ are written in the increasing order with respect to their smallest entries. When we write a transposition (i, j) of γ, we always assume that the smallest entry is written first. The fixed points are also written in the ascending order. For example, (6.1) is the standard form of the signed (6, 3)-involution. A signed (p, q)-involution γ is said to be (1, 2, 1, 2)-avoiding if all pairs of 2-cycles (i, j) and (k, l) in γ are either nested, that is to say i < k < l < j (or k < i < j < l), or they are disjoint, that is to say i < j < k < l (or k < l < i < j).
If γ is a signed (p, q)-involution, then the lower distinguished permutation of γ, denoted by v(γ), is defined as follows. First, we list in the ascending order of the elements of the set that consists of the first (smallest) entries of the 2-cycles and the fixed points with a + sign in γ. This is the first (ascending) block of the Grassmann permutation v(γ). The second ascending block of v(γ) are obtained the same way by listing the entries of the set whose elements are the second (the largest) entries of the 2-cycles and the fixed points with a -sign in γ. For example, the lower distinguished permutation of (6.1) is given by v(γ) = (1 2 3 4 5 7 6 8 9).
Next, we define the upper distinguished permutation of γ, denoted by u(γ) in a similar manner. The one-line notation of u(γ) is obtained by first listing in ascending order the second entries of the 2-cycles and the positions of the the + signs. Then we list in the ascending order the first entries of the 2-cycles and the positions of the -signs. Clearly, u(γ) is a Grassmann permutation also.
The following result is due to Wyser [19, Theorem 3.8 and Remark 3.9] although our notation here is much different than that of the cited reference. We are interested in (1, 2, 1, 2 )-avoiding L p -orbit closures which are Schubert varieties but first, we translate the signed (p, q)-involutions to a more pictorial set up. This is the second combinatorial parametrization of the L p -orbits. In [11] , it is shown that the signed (p, q)-involutions are in bijection with certain labeled lattice paths in the p × q-grid. We proceed to explain this connection.
Let N, E, and D denote, respectively, a unit vertical, a unit horizontal, and a unit diagonal step in A (p, q) Delannoy path is a lattice path in N 2 that starts at the origin (0, 0) and ends at (p, q) moving E, N, and D-steps. See Figure 6 .2 for a depiction of a (5, 3) Delannoy path with a 2-diagonal and a 7-diagonal step. The set of all (p, q) Delannoy paths is denoted by  D(p, q) .
By a labelled step we mean a pair (K, m), where K ∈ {N, E, D} and m is a positive integer such that m = 1 if K = N or K = E. A weighted (p, q) Delannoy path is a word of the form W := K 1 . . . K r , where The following result is from [11] .
Theorem 6.5. There is a bijection between the set of weighted (p, q) Delannoy paths and the set of signed (p, q)-involutions.
The construction of the path corresponding to an involution is best explained on an example. As it is demonstrated in Figure 6 .3, the path starts at (5, 3), moving towards the origin. The construction starts with finding the largest number in γ, which is 8; it appears as the second entry of the 2-cycle (3, 8) . Since we have a 2-cycle, we take a diagonal step which is labeled by 3, the smallest entry of the 2-cycle. Then we remove (3, 8) and reduce by 1 every remaining number which is greater than 3. The result, which we denote by γ (1) , is a signed (4, 2)-involution. Once again, we locate the largest 'number' in γ (1) , which is 6 − . Since its sign is −, we take a vertical step and remove 6
− from γ (1) . In the next stage, in γ (2) , the largest 'number' is 5 + , therefore, we take a horizontal step. Note that we do not label neither vertical nor horizontal steps. It is not difficult to see that the path under construction eventually reaches to the origin.
Next, by using the construction outlined in Example 6.6, we determine the (p, q) Delannoy path corresponding to an L p -stable Schubert variety in X n . To this end, we go back to Wyser's Richardson varieties in Theorem 6.3 and we set v = id, hence, v(γ) = id. This means that the second entry of any transposition in γ is greater than all of the first entries of 2-cycles as well as the positions of the + signs. It follows that all 2-cycles in γ are nested, and all + signs come before the -signs. Therefore, γ is of the form
where j s = a + s for s = 1, . . . , x for some nonnegative integer a. If the underlying involution of γ is the identity involution, then in (6.7) there are no 2-cycles. In this case, as a convention, we define a as 0.
Corollary 6.8. Let γ be a signed (p, q)-involution and let a denote the number of 2-cycles in γ. Let X γ be the corresponding L p -stable Schubert variety in X n . If a ≥ 1 and X γ = X n , then X γ is a singular Schubert variety. Proof. By Theorem 6.4, for X γ to be rationally smooth, hence, to be smooth, the signed (p, q)-involution must avoid a number of patterns. In particular, γ has to avoid the pattern (1, +, −, 1). One checks that a signed (p, q)-involution as in (6.7) cannot avoid (1, +, −, 1), and therefore, X γ is a singular Schubert variety.
In the course of the proof of his Theorem 6.3, Wyser finds a formula for the Richardson variety corresponding to a signed (p, q)-involution. In our notation, for γ as in (6.7), it gives us the following expression for the dimension of X γ , where a is the number of 2-cycles in γ.
Remark 6.10. The number of 2-cycles in γ is equal to the number of diagonal steps in the corresponding labeled Delannoy path.
Remark 6.11. The full flag variety X n is an L p -stable Schubert variety, therefore, it is represented by a signed (p, q)-involution. The γ representing X n has the most number of 2-cycles. Indeed, if a takes its largest possible value, a = q, then by (6.9) we have
Example 6.12. Let (p, q) = (5, 3). The labeled Delannoy paths corresponding to the Schubert varieties which are GL 5 × GL 3 -stable in X 8 are depicted in Figure 6 .4. The dimensions of these Schubert varieties (from left to right) are equal to 28, 25,20,13. Figure 6 .4: The labeled Delannoy paths of GL 5 × GL 3 -stable Schubert varieties in X 8 .
Example 6.12 suggests that with respect to the Bruhat-Chevalley ordering the set of all L p -stable Schubert varieties in X n are linearly ordered. To verify this observation, we will compare the defining permutations u of X γ . To this end, first, we compute u(γ). If γ is as in (6.7), then in one-line notation u(γ) is given by u(γ) = (a + 1 a + 2 . . . a + x n − a + 1 n − a . . . n 1 2 . . . a i 1 . . . i y ).
Note that a + x = p, hence i r = p + r for r = 1, . . . , y, therefore, u(γ) = (a + 1 a + 2 . . . p n − a + 1 n − a . . . n 1 2 . . . a p + 1 . . . n − a).
(6.13)
Now we organize our observations in a theorem, as follows. 
Proof. We already know that X n itself is an L-stable Schubert variety and we know from Corollary 6.8 that if a > 0, then X γ = X n is singular. If γ has no 2-cycles, then u is equal to w 0,p . But since w 0,p is the maximal element of S n,d , the corresponding Schubert variety X w 0,p is smooth. Since w 0,p = (p p − 1 . . . 2 1 n n − 1 . . . p + 1), we see the cartesian product structure of X w 0,p . The only part that remains unproven is the ordering of these varieties. Let X γ 1 and X γ 2 be two smooth Schubert L-varieties in X n . Then X γ 1 ⊆ X γ 2 if and only if u 1 ≤ u 2 in BruhatChevalley order. But u 1 = w 0,p u(
The last inequality is straightforward to verify for all permutations as in the hypothesis of the proposition. Remark 6.16. In our earlier Remark 3.5 we pointed out that every spherical Schubert L-variety in G/Q contains a unique minimal L-homogenous Schubert subvariety, which is necessarily nonsingular. Our Theorem 6.14 provides us with another demonstration of this fact; X w 0,p is the unique minimal Schubert L p -homogenous subvariety of X n .
An important consequence of Theorem 6.14 is that it provides information about the classification of toroidal L p -stable Schubert varieties in X n . It is clear that the full flag variety X n is a wonderful Schubert GL n -variety. However, it is not obvious if there is any partition (p, q) of n such that X n is a wonderful Schubert L p -variety.
Recall that a color in a spherical G-variety is a B-stable but not G-stable divisor. 
where a is the number of 2-cycles in γ. We are looking for the solutions in N of the equation (p + q − a)a = pq − 1, or equivalently, of the equation
The roots of (6.18) are
However, (p − q) 2 + 4 is not a square in N, unless p = q. In this case, we have
Since we always have a ≤ q, the only case where the solution of (6.18) has a desired form is when a = p − 1 = q − 1. This finishes the proof of our first claim. Next, we prove the second claim. Recall from Theorem 6.14 that the smallest L p -stable Schubert variety is X w 0,p . But it is easy to verify that w 0,p ≤ sw 0 for every s ∈ S. Therefore,
This finishes the proof of our second claim.
Recall our assumption that p ≥ q > 0.
Proof. It follows from Theorem 6.17 that all colors in X n contain an L p -orbit. Therefore, the only case where X n is a toroidal L p -variety occurs when p = q and the unique L p -stable Schubert divisor is the only Schubert divisor in X n . The full flag variety has a unique Schubert divisor only if it is isomorphic to a projective line, hence it happens when n = 2, X 2 ∼ = P 1 .
Toroidalness under BP decomposition
In this section we analyze how the wonderful Schubert varieties change under the canonical projections G/B → G/Q. Our main result is stated for G = GL n . Once again, we start with mentioning some general results.
Let P and Q be two parabolic subgroups in G. Assume that P ⊂ Q and let w ∈ W P . The parabolic decomposition of w with respect to Q is the unique decomposition w = vu, where v ∈ W Q , u ∈ W Q ∩ W P , hence, the generic fiber of the projection π := p P,Q | X wP : X wP → X vQ is isomorphic to X uP . A parabolic decomposition w = vu of w is said to be a BP-decomposition if the Poincaré polynomial of X wP is the product of the Poincaré polynomials of X uP and X vQ . There are various equivalent characterizations of BP-decompositions. We state two of them. Let J and K denote two subsets of the Coxeter generators S of W such that W P = W I and W Q = W K . In this notation, the parabolic decomposition w = vu is a BPdecomposition of w if and only if
where u ′ is the maximal element of the coset uW P .
See [17, Proposition 4.2] . Also from [17] , we know that X wP is (rationally) smooth if and only if there exists a maximal parabolic subgroup Q containing P and a BP-decomposition w = vu with v ∈ W Q and u ∈ W P ∩ W Q such that
• X vQ and X uP are (rationally) smooth Schubert varieties,
• the projection π : X wP → X vQ is a fiber bundle with fibers isomorphic to X uP .
As we alluded at the beginning of this section, our goal here is to understand the change in the divisors of X wP under a BP-decomposition. We proceed with the assumption that X wP is a smooth Schubert variety. It is well known that for such Schubert varieties, the Picard group Pic(X wP ) of line bundles on X wP is a finitely generated free abelian group and it is isomorphic to the divisor class group Cl(X wP ). At the same time, as a consequence of the fiber bundle property of the BP-decomposition of a smooth Schubert variety, we know that the projection π : X wP → X vQ has a section, therefore, the induced map
is a surjection. Moreover, all of these fit to a commutative diagram: π −1 (X τ ′′ Q )∪X τ P is strictly bigger than dim X τ P . But X τ P is a divisor, so, π −1 (X τ ′′ Q )∪X τ P = X wP . This equality leads to the contradictory equality π(X wP ) = π(π −1 (X τ ′′ Q ) ∪ X τ P ) = π(X τ P ).
Thus, we see that X τ ′ Q is a non-L-stable Schubert divisor and it has no L-orbits. It follows that X vQ has a single L-orbit, hence it is a homogenous variety of L. In particular, it a wonderful Schubert L-variety. Next, we assume that X τ P is L-stable. Since X wP is a wonderful Schubert L-variety, all of its L-stable divisors, hence X τ P , are nonsingular. In this case, since π is L-equivariant, X τ ′ Q is L-stable also. Therefore, X vQ is toroidal, hence it is a wonderful Schubert L-variety.
We proceed to show that X uP is a wonderful Schubert L-variety. It suffices to show that X uP does not contain a Schubert divisor which is not L-stable but contains L-orbits. Let us assume the contrary statement that X uP contains a non L-stable Schubert divisor X u ′ P , which contains an L-orbit, denoted by O. Then there exists a simple reflection s from S(u) such that ℓ(su) = ℓ(u) − 1 and u ′ = su. In particular, su ∈ W Q . Note that since vu is the BP-decomposition of w (hence, v ∈ W Q , u ∈ W Q ∩ W P ) if we let ν denote sw, then u ′ ≤ ν. In particular we have
Therefore, since X wP is a wonderful Schubert L-variety, X νP is a smooth L-orbit closure. At the same time, by using (7.1) we see that vu ′ is a BP-decomposition of ν, hence we have the algebraic fiber bundle of smooth Schubert varieties: X u ′ P → X νP → X vQ . In particular, X νP → X vQ is L-equivariant, therefore, the fiber X u ′ P is L-stable. This contradiction shows that X uP is a wonderful Schubert L-variety, hence our proof is complete.
